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Stability data and t-structures on 
a triangulated category 

A. Gorodentscev, S. Kuleshov^ , A. Rudakov 



We propose the notion of stability on a triangulated category 
that is a generalization of the T. Bridgeland's stability data. We 
establish connections between stabilities and t-structures on a cat- 
egory and as application we get the classification of bounded t- 
structures on the category D''{Coh¥^). 



1 Introduction 

For quite a number of years the authors believed that certain generalization of stability would 
be desirable to use in the context of derived and triangulated categories, but could not come to 
the satisfactory definition. 

Recently in his article 0, T.Bridgeland, following not so rigorously presented, but inspiring 
physical ideas of Michael R. Douglas (0) provided the definition of stability for a triangulated 
category. Bridgeland also showed how the key properties of stability can be reformulated in this 
context and worked on describing all the stabilities for a given category via a kind of moduli space 
of stabilities. Although it is not clear to us where the approach to constructing the moduli space 
of stabilities proposed by T.Bridgeland will lead, we believe that his definition of the stability 
makes the breakthough. 

In this paper we propose the definition of stability for a triangulated category or, in short, 
t-stability which is the modification and in fact the generalization of the definition given by 
T. Bridgeland. We believe we have taken away "unnecessary details" keeping the core features 
intact. In short, we exclude all about the "central charge" (in the sense of [B]) from the definition 
of t-stability, and we do not demand that the semi-stable subcategories are ordered according 
the real numbers assigned to them as indexes. But we keep the way to generalize the Harder- 
Narasimhan filtration that was proposed by T.Bridgeland. 

We begin in Section [21 reminding the basic properties of the stability for an abelian category. 
Section |21 is devoted to the definition of t-stability for a triangulated category. We also discuss 
basic properties of t-stability and several basic examples or constructions of a t-stability on a 
triangulated (or derived) category. 

We show (p. d that the natural Gieseker stability for torsion free coherent sheaves extend to 
the derived category of coherent sheaves, and that the helix generalization ( llj of the Beilinson 
theorem about the basis of the derived category D^{CohW^) of coherent sheaves on the projective 
space P" (0) leads to the remarkable t-stabilities for this category fProposition 13. 7|) . 

^The second author was partially supported by INTAS grant OPEN 2000 269 
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In Section |^ we discuss the Postnikov systems that we start to call in our context by 
t-filtrations. We show that the choice of t-stability provides each object with the canonical 
Harder-Narasimhan t-filtration and we describe properties of these HN-filtrations. 

In SectionElwe develop several methods to connect t-stabilities and t-structures on a category, 
as well as to make more coarse or refined t-stabilities. 

For the case this enables us to get the full classification of t-stabilities on D^{Coh¥^) 
that we present in Subsection 16.41 As a consequence in Subsection IG.lfll we obtain the full list 
of bounded t-structures on D''{CohF^) (considered as a triangulated category). 

In SectionElwe show how to describe all t-stabilities for coherent sheaves on an elliptic curve. 



2 Stability data on abelian categories 

We begin with a remark about the stability of coherent sheaves. This notion arose as a tool 
for construction moduli spaces of coherent torsion free sheaves on varieties and came from the 
invariant theory. The moduli space is obtained as an orbit space for a reductive group action 
on a vector space that parameterizes sheaves with fixed topological invariants. In this approach 
moduli space points corresponding to closed orbits are well defined. Closed orbits and sheaves 
containing in such orbits are called stable. Unfortunately, in many cases the set of stable (closed) 
orbits is not compact. To compactify it we should add orbits, whose closure does not contain 
the zero vector. Such orbits and corresponding sheaves are called semistable. 

There exist numerical criteria of stability for orbits (and sheaves) (see, for example |1U1 113| . 
and PU). Roughly speaking, we correspond a vector /i{F) (or, simply, number) to each a torsion 
free sheaf F. This vector is called a slope of the sheaf. The criterium says that a torsion free 
sheaf F is semistable iff for any nonzero subsheaf E C F we have ^{E) ^ /^(i^) (the vectors are 
compared lexicographically). The stability of a sheaf F means that F is semistable and simple 
(i.e. Hom(F,F) = C). 

As a rule, each a component of a vector slope is a ratio of additive functions on KQ(Coh), 
the Grothendieck group of a coherent sheaves category. Therefore slope satisfies the following 
seesaw condition: 

for an exact sequence of torsion free sheaves 

— > E — > F — >G — ^0 

we have 

li{E) < ^x{F) 

ii{E) = ^,{F) 

ti{E) > fiiF) 

Besides the moduli space construction, stability of coherent sheaves have two more useful appli- 
cations, following from the seesaw condition: 

(i) for any semistable sheaves E and F an inequality tJ-{E) > fi{F) implies 
Hom {E, F) = 0; 

(a) any torsion free sheaf X has a canonical Harder-Narasimhan filtration 

X =F°x ^ F^x ^ f'^x ^ ■■■ ^ ^ f"+ia:= , 

111 1 

Gi G2 G3 Gn 





1^{F) 


< KG), 






= KG), 


44> 




> KG). 
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where each vertical epimorphism is a part of the short exact sequence 

— > F'X — > F'~^X — >Gi — ^ 
with semistahle Gi and f^{Gi) < /u(Gj) whenever i < j. 

So, we see that a stability of coherent sheaves gives a powerful filtration but for torsion free 
sheaves only. We would like to define a stability in such a way that any nonzero object has a 
Harder-Narasimhan filtration. The first abstract definition of stability on an abelian category 
was done in jl5j as follows. 

Definition 2.1. Let us say that a stability structure on an abelian category A is given if there is 
a preorder on A such that for an exact sequence of nonzero objects — s- A — > B — > G — > 
we have the seesaw property: 

A^B ^ A^C ^ B -<G, 
Ay B ^ A^G ^ B^G, 
A>iB ^ A>iG ^ B^G. 

We'll call a nonzero object A ^ A semistable if B ^ A whenever ^ B C A. 
In [13] the following theorem was proved. 

Theorem 2.2. 1. If objects A, B are semistable and A ~< B, then Horn (B, A) = 0. 

2. Suppose A is weakly- artinian and weakly-noetherian, then for an object X G A there 
exists a unique Harder-Narasimhan filtration 

X =F°X ^ F^X ^ F'^X ^ ■■■ ^ ^ F"+iX= 

ill I 

T T T T 

Gl G2 G3 Gn 

with semistable quotients Gi 's such that Gi -< Gj whenever i < j. 

Thus, having a preorder on an abelian category satisfying the seesaw property and finiteness 
conditions, we obtain the set of semistable objects and Harder-Narasimhan filtration for each 
object. But there appears a question: how one can order the objects? In all known examples 
such an order is obtained with the help of slope. Therefore we propose an abstract definition of 
slope on an abelian category, generalizing Bridgeland's central charge. 

Definition 2.3. Let A be an abelian category. A linearly independent system of additive func- 
tions (xo, . . . ,Xr-i) on Kq{A) (the Grothendieck group of A) is called positive if for any A £ A 
the following holds 

xo{A) ^ 0, and 

xo{A) = ^ xi{A) ^ 0, and 

xo{A) = xi{A) = ^ X2{A) ^ 0, and (2.1) 

Xo{A) = ■■■ = Xr-.2{A) = ^ Xr-l{A) > 0. 

If, in addition 

xo{A) 



either 

or 

or 



= ■■■ = Xr-l(A) = ^ ^ = 0, 
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the positive system is called a positive base. 
Let s = min {xi{A) 0} and 



,tA) = 1 1. .... 1.. I -^^1 .4-^1 ... . 



where 



xs{A) y V xs{A) V xs{A) 



iarcctgf, 6>0, 
1 6 = 0. 



We call ^{A) the slope of an object A & A, determined by the positive system (xq, . . . , Xr-i) (not 
necessary a base). 

For example, the base (rk, deg) on the category Coh C of coherent sheaves on a smooth 
algebraic curve C has the positivity property, the base (rk, deg, x(05, •)) ™ the category CohS 
of coherent sheaves on a smooth algebraic surface S with Picard's number 1 has the positivity 
property as well. 

Since the slope 7 is formed via additive functions on Kq {A) , the ordering induced by 7 ^ B 
'~f(A) ^ 7(-B)) satisfies the seesaw property. Therefore, we obtain a stability structure and, 

consequently, Harder-Narasimhan filtration for each object. 

Another way to consider stability on an abelian category is to take the properties (i) and (ii) 

above as a definition. Namely, 

Definition 2.4. Let A be an abelian category and ^ be a linearly ordered set. Suppose that for 
any if £ ^ a subcategory 11^ C A is determined and 11^ are closed under extensions. If the 
following properties are valid 

(i) Hom^(n^/,n^//) = for ip' > (p" ; 

(ii) each nonzero object X E A has a Harder-Narasimhan filtration 

X =F^X — = F^X ^ F'^X ^ ■■■ — = ^ F"+ix= 

111 1 

Gi G2 G3 Gn 

with Gi = G U^. and (pi < (pj for i < j; 

then we call the data (<^>, {Xl^j^g^) stability data (or stability) on A. 
Thus we come to three definitions of stability on an abelian category: 

1. via ordering objects (let us call it order-stability); 

2. via base of K*{A) with positivity property (slope-stability); 

3. via collection of semistable categories (stability data). 

It is obvious, that any slope-stability on an abelian category induces an order-stability, and 
the last one induces a stability data. But we don't know: if one can reconstruct the slope- 
stability (or the order-stability) starting with given stability data on an abelian category. The 
question is interesting. 
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3 Definition and basic examples 



In Section ^ we considered a stability on an abelian categories. Keeping in mind the three 
definitions, we see that the best for extending a stabihty on a triangulated category is the last 
one (def . I2.4() . We need the generalization of the Harder-Narasimhan filtration to a triangulated 
category. The first step in this direction was done by T. Bridgeland in 6 . We modify the 
Bridgeland's definition of stability data, and exclude any reference to a central charge in order 
to make them more general. 

The classical notion of a filtration is based on subobjects and quotients. For a triangulated 
category Bridgeland proposed a natural generalization (0), namely a Postnikov's system 

X =F^X < F^X " F'^X " ^ = 

Pl P2 Pn+1 

/ \ 
/ * 

(where each a triangle F^X F'^'^^X is distinguished). We call such a system a filtration 

p 

of an object X in a triangulated category or in short " t-filtration" . It is natural to call the 
objects Xi quotients and F^X terms of the t-filtration. Often we need information only about 
quotients of a t-filtration on X. In this case we write: X -w (^Xq,Xi, . . . , Xn) as a notation 
for the t-filtration. 

We are ready to formulate the main definition. 

Definition 3.1. Let T be a triangulated category, ^ be a linearly ordered set. Suppose that for 
each G <I> a strongly full, extension- do se(P nonempty subcategory 11^ cT is defined. The pair 
(<I>, {n^}^g$) is called stability data (or simply t-stability) if 

1. the shift of the triangulated category acts on the set {n^}^g$ in the following sense: there 
exists T G Aut$ such that n<^[l] = ^T{ip) o-nd t{lp) ^ ip; 

2. VV > V3 G ^ Hom^°(n^,n^) = 0; 

3. for any nonzero object X G T there exists a finite Postnikov's system: 

y ^. y ^. y 

X =F^X F'^X F'^X " ^ F"X " F^+^X = 

pi P2 Pn + 1 

with nonzero X^p. G 11^^ and ipi < (fii+i . 

We shall call such a system Harder-Narasimhan system (HN-system or HN-filtration) of X, the 
objects X^^ are ^-semistable quotients (w.r.t stability data {n(^}<^g$) the subcategories U^p 
are semistable subcategories of slope (p. 

Fairly often we denote stability data {n^}^g$) simply by 

^An extension-closed subcategory A C T means that whenever A — > B — > C — > ^[1] is a distinguished 
triangle, with A £ A and C £ A, then B £ A also. 
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To construct some trivial, but important examples, recall (|S]) that a t-structure on a trian- 
gulated category T is a pair (^D^^,D^^^ of strictly full subcategories, satisfying the following 
conditions: 

1. C L>«^0[-1] and L>^0 D D^°[-l]; 

2. HomO(L>^o,L>^0[-l]) = 0; 

3. VX € T there exists a distinguished triangle 

y 

X. -* X<;o 

V 

with X^i G and X^o E I?^". 

If the following property holds, then the t-structure is called bounded ([S])- 

4) yXeT3m,neZ such that X G D^^[-m] n D'^^l-n] 

We shall use the standard notation: D^" = n] and D^" = n]. 

Lemma 3.2. Suppose (^D^^,D^^) is a t-structure on T such that D^^ = D^^ = D^^[—l], 
= D^^ = D^^[-l]. Let 

<I> = {0,1}, no = Z)^0[-l], ni = Z)<o, r(0)=0, r(l) = l. 

T/ien ($,{n^}^g$) determines stability data on T. 

Proof follows immediately from the definitions. ■ 

Lemma 3.3. Let (Z?^'^,D^'^) be a bounded t-structure on a triangulated category T. 
Let Hi = A[i] = D^^' n D^~^, then (Z, {Iljljgz) makes stability data on T. 

Proof can go as follows: 

Notice that if p < g, then Hom Z?^-"?) = 0. 

Since the t-structure {D^^ , D^^) is bounded, then for each nonzero object X C T there 
exist n^{X) ^ n-{X) € Z such that 

Hom°(X,D^~"-(^)) / 0, Hom^°(X,D^-") = forn < n_(X); 
Hom°(D^-"+(^),X) / 0, Hom°(D^~^',X) = for A: > n+(X). 

Denote n_(X) by no and consider a distinguished triangle 

^0 

/ 

X ^ Yo 

with Xo € Z)^^"'^, Iq E Z)^^("o+i) (it exists by the definition of t-structure). Clearly we 
get 
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. Horn ^0(^0, Xo) =0; 
. Xo / 0; 

and Yq serves as the first term of the Harder-Narasimhan filtration. 
Now one can finish the proof by induction. ■ 

We would like to note that Definition 12.41 and Lemma 13. 31 allow us to extend a stability from 
an abelian category A onto the bounded derived category of A. Let us formulate slightly more 
general fact. 

Proposition 3.4. Let T be a triangulated category with a bounded t-structure {D^^,D^^) (t- 
category). Suppose that on the core A = D^^nD^^ of the t-structure stability data ($, {n^}^g$) 
are given. Consider the set ^ = Z x $ with the lexicographic order by ^ put P{i,^) = n^[i]- 
Then {^'(i,,^)}(j,<p)eii') constitutes stability data on the category T. 

Proof. There is only one non-obvious moment in the proof. Namely, the existence of the finite 
HN-system for each nonzero object. But this follows directly from Definition [231 of stability data 
on an abelian category, Lemma 13.31 and Proposition 14.31 that we prove in the next section. ■ 

Corollary 3.5. Any stability structure (<&, {n^}<^g$) on an abelian category A induces a t- 
stability (Z x 'I', {n^[^]}(i,(^)gzx$) on the bounded derived category D''{A). 

It was be shown in article jEj that Gieseker stability of torsion free coherent sheaves on a 
projective variety X one can extend to a stability structure on the category CohX of all coherent 
sheaves on X. Therefore due to the previous corollary we have an extension of Gieseker stability 
to a t-stability on the bounded derived category D^{Coh X). A detailed discussion of this t- 
stability is the subject of another article. 

The helix generalization (P!T!) of the Beilinson theorem about the basis of the derived cat- 
egory D^{Coh¥^) of coherent sheaves on the projective space P*^ ((2j) leads to the remarkable 
t-stabilities for this category. 

Let T be a linear triangulated category, i.e. for any pair of objects X, y € T the direct 

sum ^Hom-'(X, y) is a finite dimensional graded vector space. Recall that an object E £ T 

j 

is called exceptional, if Hom *(£',£') is 1-dimension algebra generated by the identity map. 
An ordered collection of exceptional objects {Eq, Ei, . . . , En) is called exceptional, whenever 
}iom'{Ej, Ei) = M i < j. We say that the category T is generated by the exceptional collec- 
tion, if the smallest full triangulated subcategory containing all "linear combinations" ^ V'^Ei, 
where V' are graded vector spaces, coincides with T. Here for a graded vector space V and an 
object X € T we denote hy V X the direct sum (X" X[— j]. 

j 

For example, the bounded derived category D^{CohF^) is generated by the exceptional 
collection {0{k),0{k + 1), . . . ,0{k + n)), where k is an arbitrary integer number and 0{m) 
means the line bundle on P" of degree m. 

In this notation we formulate theorem generalizing the Beilinson theorem. 

Theorem 3.6. Let T be a linear triangulated category, generated by an exceptional collection 
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(^0) El, ... , En). Then for any object X G T there exists a canonical Postnikov system 
Vq Eq V{ O El V' En 

/ / / 

X " F^X -> F'^X " ^ " 

Under the assumption of Theorem 13.61 let us denote by T j the full extension-closed subcate- 
gory in T, generated by objects Ei[z] with z € Z. 

Since the collection {Eo,Ei, . . . , £"„) is exceptional, the subcategories Tj satisfy the property 
Hom^^(Tj, Tj) = whenever j > i. Taking into account Theorem 13 .61 we obtain stability data 
on T. More exactly the following proposition takes place. 

Proposition 3.7. Let T be a linear triangulated category, generated by an exceptional collection 
{Eq, El, . . . , En). Then (A, {TjjjgA) makes stability data on T, where A is the natural ordering 
set {0, 1, ... , n}. 

In the next section we show that HN-system has the familiar properties of the Harder- 
Narasimhan filtration defined for coherent sheaves in respect to Gieseker or Mumford-Takemoto 
stability. 



4 Properties of HN-system 

We fix stability data (<I>, {Ilip}^^^) on a triangulated category T. The important property of 
HN-system is that it is a canonical t-filtration. 

Theorem 4.1. The HN-system for any object X & T is determined up to a unique isomorphism 
of Postnikov 's systems. 



Proof. Let 



X =F^X " F'^X " F'^X ^ " = (4.1) 

Pl P2 Pn + 1 

X^Q x^^ x^^ 

ly ly ly 

X =Q°X " Q^X < Q^X ^ Q™X g^+^X = (4.2) 

Pl P2 P'm + l 

be two HN-systems for an object X ^ T. We have show that n = m, Lpi = tpi M i, and the 



and 
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identical morphism idx G llomxi^jX) induces a unique isomorphism of t-filtrations: 



X 



X 



X 




X 




F^X 




F"X 



X 



V'o 




X 




X 



X 



Q^X 




Q^X 



Q"X 



To do this we prove some additional properties of HN-systems: 
Proposition 4.2. Let 



X 



X 



X 



Vn 



X =F^X 



F^X 



F^X 



F"X 



F"+iX= 



be a HN- system for X. Then 

1. Hom^'^(X, n^) = whenever ip < (pQ, 

2. Hom^°(F*X,n^) = whenever if ^(fi, 

3. Hom^'^(n^,X) = whenever ip > ipn; 
4- if 



Y =F^Y 



jprny 



pm+ly^ 



is a HN- system for Y such that ipn < ipo, then Hom ^ (y, X) = 0. 

Proof of the proposition is easy obtained via the application of functors Hom (-,11^), 
Hom (n^, •), and Hom {Y, •) to each of the triangle 



X, 



Vi 



F'X 



F^+^X . 



One should notice that F"X € H,^^ . We leave the details to the reader. 



Returning to the proof of the theorem, consider the first triangle of HN-system (|4.1() for X 
and any Y G Hj^p. Applying the functor Hom (•, Y) to the triangle, we have 

Hom-i(FiX,y) — ^Hom°(X^o,y) ^Hom°(X,y) — ^Hom°(F^X,y) . 
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It follows from Proposition 14. 21 (f^ . that the very left and right terms of the above exact sequence 
are zero. Hence, 

Hom°(X^„,y) ^Hom°(X,y) G H^^. (4.3) 

In other words, the object X^p^ represents the functor IIom''(X, •) : Il^y — > Vect. 

Let us substitute X^p^ for Y in (|4.3|) and denote the morphism /ix^g (^'^^■^o ) ^ Hom ° (X, X^p^^ ) 
by go- It can be shown in the usual way (see, for example, [SI Lemma IV.4.5]) that the distin- 
guished triangle 



X^p^ 



X F^X , 

where X^p^^ G Ili^g and Hom ^''(F^X, Xi^,,) = 0, is determined up to a unique isomorphism of 
triangles. 

Note that go 7^ 0. Therefore, Hom^(X, H^g) ^ 0. Further, starting with the first triangle 
of HN-system (jO}, we get Hom°(X,X^J / 0. Applying now Proposition 14.21 (( T |) to X, H<^(, 
and H^Q, we conclude that = Moreover, it follows from the uniqueness of the object 
representing a functor, that the identical map idx G Hom'7-(X, X) extends to a canonical 
isomorphism of triangles: 



' X x' 



+ 



F^X Q^X 

The rest of the proof is done by induction. ■ 

The last proposition that we prove in this section deals with properties of a general 
t-filtration. 

Proposition 4.3. 

1. Let X has a t-filtration X (Yq, Yi, . . . ,Yn) and each Yg has one too 

Yg ^ (X(s 0)) • • • )^(s,fcs)) ^^6n one can construct a combined t-filtration 

X (-''^(O.O)) • • • ) -'^(O.fco); -'^(l.O)) • • • > ^{l,ki)^ • • • ' ^(n,0)) • • • ) ^{n,k„))- 

2. Let 

X ~^ (X(o,o), . . . ,X(o,fc„);-'^{l,0)' • • • • • • ^X{n,0): ■ ■ ■ ^^(n,kn)) 

be a t-filtration. Then there exist t-filtrations X {Yq, Yi, . . . , Yn) and 
Ys --^ (-'^(s.o), • • ■,X(s,k,)) for each s. 

3. Let X ~^ (Xq, Xi, . . . , Xn) and Y (Yq, Yi, . . . , Ym) be t-filtrations. Then for each shuffle 
permutation of the quotients, i.e. linear ordering of the set 

{Zs}s=0,...,n+m+l = {Xi}i=0,l...,n I |{^}jr=0,...,m 

that respects the initial orders on {Xj}j=o,i...,n o-'f^d {^■}j=o,...,m there exists a t-filtration 

X ®Y (Zq, Zi, . . . , Zn+m+l)- 
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Proof. We start with the second statement. Let t-filtration for X in the statement be deter- 
mined by the sequence of distinguished triangles: 

/ 

i^C^j) X ^ where i = 0, . . . , n; j = 0, . . . , fe^ - 1; and 

/ 

Fi^M)x ^ i?(»+i.o)j^^ i = 0, . . . , n; 

P(i+1,0) 

= X; and = 0. 

Denote the composition P(i+i,o)P(i,fci) " ' '■ F^^^^'^^X — > i?'(*'0)x by Pi. In these nota- 

tions we have got a new filtration for X that consists of triangles: 

Yi 

/ 

Vi 

Therefore, we need to show that for any i = 0, . . . , n there exists a t-filtration 

Yi (^(j,0)! • • • 

It is clear that there is a t-filtration 

FihO)x ^ (X(j_o)> ■ ■ • >^(i,fei)>^(j+l,0)> • • ■,^{n,kn)) 

and the statement follows from the lemma: 
Lemma 4.4. Let 

Z = F^Z F^Z F'^Z " ^ F"'Z ■> = 

hi h2 hm+l 

be a t-filtration for an object Z. For each s, 1 ^ s ^ m + 1 denote by Cg the composition 
Cg = hghs-i ■ ■ ■ hi : F^Z — > Z and consider distinguished triangles 

Qs 

\ 

\ 

F'Z. 



Then for each s there exists a t-filtration Qg ^ {Zq, Zi, . . . , Zg-i). 

Proof of the lemma is by induction on s. For s = 1 there is nothing to prove. In the general 
case consider the diagram of distinguished triangles: 

Zs 

t 

— F^Z — Z. 

hs+i \ 
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Applying the octahedron axiom to the diagram 

t e t 

we obtain distinguished triangles: 

Qs+i Qs 

F Z , Qs+i ^ ■ 



Cs+l 

By the induction hypothesis, Qs {Zq, . . . , Zg-i). In particular, we have the first distinguished 
triangle of a t-filtration for Qs 

/ 

Qs '* Qs 

and F^Qs ^ {Zi, . . . , Zs-i) the rest of the t-filtration. We shall construct the filtration Qs+i 
{Zq, Zi, ... , Zs-i,Zs). 

First we apply to the diagram of distinguished triangles 

Zo 
t 

Qs+i — " Qs — ^ Zs[i] 
\ 

F^Qs 

the octahedron axiom: 

Zo .F'Q,+i[l| 

X t t 

Qs+1 — " Qs *■ Zs[V\ , 

t ^ 

F^Qs 

and get F^Qs+i and distinguished triangles 

F^Qs Zq 

F Qs+i ■* Zs , Qs+i ■* F Qs+i- 

By the induction hypothesis, it follows from the first triangle that there exists a t-filtration 
F^Qs+i ^ {Zi, . . . , Zs-i, Zs). Therefore, one can include the second triangle into the t-filtration 

Zo Z\ Zg 

^ / / 
Qs+i = F'^Qs+i " F^Qs+i " F^Qs+i ^ F'Qs+i F'+^Qs + 1 = 0. 
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This completes the proof of the lemma and the second statement of the proposition. ■ 

Arguing very similarly, one can prove the first statement of the proposition. To prove the 
last one, consider the t-filtrations: 

Xi Xn 

X =F^X < F^X " F'^X " ^ = , 



Y =_pOy F^Y -< F^Y • • • F"^Y pm+iy _ q _ 

Suppose, 

(Zo, . . . 

One constructs the t-filtration 

Zq Z\ Z2 

/ X V / V 

X®Y F\X © Y) " F^{X © Y) " F\X © y) 

in the following way: 

ho = qo e 0, . . . , hi^ = © 0; 

F'^{X®Y) = F^X®Y, F''{X ®Y) = F'^'X ®Y; 
hi^+i = ©po, • • • , hi^+ji = ©Pji; 

© y) = F'^X © F^Y, © y) = F'^X © F^'iy; 

and so on. ■ 

Corollary 4.5. Let X e T be a semistable object of slope ip. //X = © © • • • © X^ , then 
each summand X* is semistable of slope ip as well. 

Proof. It is sufficient to prove the statement for k = 2. Consider the HN-systems for the direct 
summands 

Ordering the quotients in compliance with the order on <I>, unless n = m = and ipo = ipo one 
can construct the nontrivial HN-system for X (see Proposition 14.3)1 . 

But X has only the trivial HN-system because it is semistable fTheorem l4.1() . This concludes 
the proof. ■ 



5 Connections between t-stabilities and t-structures 

It was shown in Section |31 that a bounded t-structure on a triangulated category induces stability 
data (Lemma 13. 3p . On the other hand a t-stability gives a family or collection of t-structures. 
Before formulation more exact statement, let us introduce some convenient notations. 
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For a subset 5" of a triangulated category T we denote by (5) the minimal full extension-closed 
subcategory of T, containing the subset S. Note that if we have a t-stability ($, {n^}^g<j,) on T 
and ^' C then {Hipl G ^) consists of objects whose have HN-system X -w (X^^, . . . 
with V'j e 

Lemma 5.1. Let ($, {Ilipli^g^) makes stability data on a triangulated category T. Suppose 
there exists a decomposition of the set <1> in two disjoint parts: <1> = U <1>4_ such that for any 
ip- G and G we have < (^_|-. T/ien the pair of subcategories 

defines a t-structure on T (recall that t is an automorphism of the linearly ordered set <I>, that 
corresponds to the shift ofT). 

Corollary 5.2. Each element ip € ^ gives a t-structure 

Proof of the lemma. Firstly let us recall that by the definition of t-stability n<^[— 1] = n^-i((p) 
and t((/?) ^ (p, whence the first axiom of a t-structure is valid: 



T^^ C T^^[-l] and T^" D T^^i-l]. 



Besides Horn ^'^(n,^, 11^) = whenever ip> ijj. Therefore the axiom 



Hom^°(T^o,T^°[-l]) = 
of a t-structure follows from the statement: 

Let S, S' be subsets of objects ofT such that Hom^'^(X, y) = for each X G S and 
Y eS'. Then Horn , {S')) = 0, 

which is evidently true. 

To verify the last axiom consider HN-system for an object 7^ X € T: 

y ^\ y ^\ y 

X =F^X ■> F'^X F^X " ^ F"X = . 

Pi P2 Pn + 1 

If Pn S or (po € then the distinguished triangle of the axiom is trivial. Suppose there 
exists k such that (pk € and 93^+1 £ Completing the morphism X^q = F^^^X ^''+^^'° 
X by a cone X^i, we get the needed distinguished triangle 

X ^ X<jo 

of the axiom (see Proposition 14. 3|) . ■ 
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Remark. Note that the t-structure, constructed above, is bounded if and only if 



q>= I \J T-"($+) and $ = Mj r"($_ 

As a result, we have got the connection between t-structures and t-stabihties on a given 
triangulated category. 

It is easy to observe, that a given t-structure can be induced by several stability data. 
Let us consider a t-stability ($, {n^}^(=$) on T such that <I> is a disjoin union $ = U 

of nonempty subsets with the following properties: 

1. if ipi E <I>^. (i = 1, 2) and ifi < if 2, then for any ip'- G the inequality ip[ < holds. 

2. VV'G^ such that r($^) = ^>^/. 

The properties of the disjoin union allow to determine an order on ^ and r G Aut(^'), 
corresponding to r € Aut(<I>) in the obvious way. 

Further we define for ip G as = (11(^1 ip G The fact that (^', {P^j^gij,) is a 

t-stability follows immediately from the definition and Proposition 14.31 

We have constructed another t-stability {-P^}i/,e*), but a t-structure induced by a de- 
composition of ^, can be obtained also from a decomposition of The t-stability $ induces 
all t-structures that ^ does, and more. We would like to say that the stability data <I> are finer 
then ^, and ^ are weaker. Generalizing this construction, let us formulate the definition. 

Definition 5.3. Let {11^}^^^) and {P^}^g>j,) be t-stabilities on a triangulated category 
T with automorphisms r$ and t,j,, corresponding to the shift on T. We say that <I> is finer then 
^ (and ^ is weaker then ^) and denote this by ^ ^ ^ if there exists a surjection r : $ — > ^ 
such that 



1. rr^ = T^iir; 

2. If' > If" ^ r((/7') ^ r{ip"); 



Clearly this gives a partial order on the set of all t-stabilities on a given triangulated category. 
Therefore, some of stability data can be minimal w.r.t the order. They seem to contain the 
maximal information about t-structures. We call such t-stabilities the finest. 

Now we give conditions of comparability and being the finest for stability data. 

Proposition 5.4. Let (<I>, {n^}^g$, r<j)) and (^', {P^},/,g>i/, Tij,) make stability data on T. Then 
1. ^ <^ if and only if 

(i) any ^-semistable object is ^-semistahle, 

(a) for H^. C P^. (i = 1,2) the condition ipi < ip2 implies '01 ^ V'2; 
(Hi) ifn^ C P^, then C Pr^{^)- 



15 



2. Suppose that for each ip ^ ^ we have 

VX,yGn^ Homr(^,l^)/0 and Horn r (5^,^) / 0. 
Then the t-stability (<I>, {n^}^(=$, r$) is the finest. 

Proof. The fact that the assumption <I> ^ ^ imphes conditions (i)-(iii) follows immediately from 
the definition. To prove the converse it is sufficient to show that each semistable subcategory 

is generated by some collection of subcategories 11^. In other words, if € has a 
HN-system X,^ -w (X^q, . . . ,X^^) w.r.t t-stability then 11^- C for each i. 

By condition (i) any X^. is ^'-semistable. Therefore, we can find ipi ^ such that X^. E P^^ . 
Since Hom (X^ , ) ^ and X^^ G P^^, we have ip ^ ipo (Proposition 14. 2() . On the other 
hand, Hom'^(X^^, X^) / 0, consequently, ipn ^ tp- Besides, ipo < ipi < ■ ■ ■ < ipn, so (by 
condition (ii)) V'o ^ V'l ^ ' ' ' ^ ^n- This is possible only if ipQ = ipn- 

To verify the second statement of the proposition, we note that if {n^}^g$) is not the 
finest, then there exists some 93 E <I> and nonempty subcategories n_, n_|_ such that 11^ = 
(n_,n+), where Horn ^'^(11+, n_) = 0. This contradicts the assumption of the statement. ■ 

Remark. As we shall see later, a pair of t-stabilities can satisfy the condition (i) and he 
noncomparahle. The second condition is significant. 

As the conclusion of the section we formulate a statement that we shall use later for the 
classification of bounded t-structures. 

Proposition 5.5. Let T he a triangulated category with the property that for any t-stahility ^ 
there exists the finest t-stahility $ ^ Then for any hounded t-structure (T^'^,T^'^) there 
exists a t-stahility ^ = (<&, {n^}^g$) and a decomposition ^ = U $-1- in two disjoint parts 
such that: 

Without loss of generality we can assume that $ is one of the finest t-stahilities on T. 
Proof follows directly from Lemmas 13.31 and 15.11 and assumptions of the proposition. ■ 

6 Stability data for D^{Coh¥^) 

Here we study t-stabilities and bounded t-structures on the bounded derived category D^{Coh P^) 
of coherent sheaves on the projective line. At first we describe two types of the finest t-stabilities 
for D''{Coh¥^): standard and exceptional. Then we show that any t-stability for D^{Coh¥^) 
is weaker than either standard one or exceptional one. This enables us to classify allbounded 
t-structures for D''{CohF^). 

In this section we identify sheaves with 0-complexes of D^{Coh¥^). 

6.1. Standard t-stability. It follows from Lemma lOl that [Z, {{CohF^)[i]}i^z) makes 
stability data for D^{CohF^). Obviously, they are not the finest. To construct the finest t- 
stability {M , {Ilf_i} i_ii=m) ^ {'^1 {{CohF^)[i]}i^z) , recall that each sheaf F on decomposes in 
a finite direct sum 

F=(©H.,.)e(©0K)), 
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where H^.. is a torsion sheaf concentrated at the point Xj, and 0(nj) is an invertible sheaf of 
degree n,. Let us define semistable subcategories as 

= (0..W) and n(,-„) = (0(n)[j]) (6.1) 

with X € P\ and n,i,j eZ. This yields the set of slopes = Z x (Z U P^). 
Now we have to introduce a linear order on in a way 

^i>v ^ Hom^°(n^,n^) = 0. 

This condition implies: 

(i, a) > {j, f3) for i > j, a, /3 G Z U P^ 

{i, n) > {i, m) for n > m & i G Z; 

> (i,n) for x G i, n 

Besides, for each i, j, g G Z Hom'^(02:[i], 0y[j]) = unless x = y. Thus, defining a linear order 
on P^ in arbitrary way, we get the linearly ordered set A4. 

To prove that {A4, {Il^j^gx) is a t-stability it is sufficient to verify that each nonzero object 
has HN-system. This directly follows from Proposition I4.l-il and the fact that 

CohF^\i] = {n^i,a) \ a G Zupi) . 

Finally, note that all the semistable subcategories '^.(^i^a) (o^ G ZUP^) satisfy the assumption 
of Proposition [231(2). Therefore the stability data {Ai, is the finest one. 

Notice, that the t-stability {A4, {n^}^g_A4) depends on an order on the slope set M.. Hence 
we have got various finest incomparable t-stabilities with the same semistable subcategories and 
slopes. Each of them we shall call standard. 



6.2. Exceptional t-stability. The construction of the next type of stability data is 
based on Proposition 13.71 The category D^{CohF^) is generated by the exceptional collection 
(0(fe), 0(A; + 1)) {k is an arbitrary fixed integer number). Therefore we have stability data 
({0, 1}, {n^}ie{o,i}) ) for each integer number k, where 

ii'^ = {0{k)[j]\jez), 
= (0(/c + i)[i]| iGZ). 

Since Hom ^^(0(n)[i], 0(n)[j]) = for n, i, j G whenever i > j, the t-stability defined 
above is not finest. To refine it we consider semistable subcategories and slopes 

nfi,o) = (0(^)W), nf,_i) = (0(fe + l)[i]), (i,0);(i,l)G^ = Zx{0,l}. 

We are going to refine the stability data ({0, 1}, {n^}jg{o,i}) to some finest (^£,{U^}^^^y 
A linear order on the set £ and automorphism r G Autf" should be coordinated with the 
order and the automorphism above. Therefore, we come to 

(^,0) < (j,l); 

{i,0) < (i + 1,0), < (i + 1,1); 

T(i,0) = (i + 1,0), T(i,l) = (i + 1,1) 
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for arbitrary i,j E Z. 

Finally we need to obtain a finite HN-system w.r.t. £ for each nonzero object X of the 
derived category. Note that homological dimension of Coh¥^ is 1. We shall use the following 
result well-known among specialists, but it seems there is no reference. 

Proposition 6.3. // homological dimension of an abelian category A equals 1, then each object 
X of D^{A) is isomorphic to a finite direct sum X = ^Ai[—i], where Ai ^ A and Ai[—i] 

i 

denotes i-complex, i.e., a complex with the unique nonzero term Ai at the place i. 

For convenience of the reader we provide the proof. 
Proof. Suppose X G D'^{A) is represented by a complex 

such that H^{C') = for i < s and H^{C') ^ 0. The exact sequence of complexes 



K'= C7"^C7"+i^ ^ C'~^ ^Imds-i -0 

1 jid \id \id 1 I 

r 1 1 , i« 

B'= ^ B' ^C^+i^... 

determines the distinguished triangle in D^{A) 

Z 

/ . 

X ■> Y 

with y ~ and Z ~ S*. Since the complex K' is acyclic, y ~ (see 'H'), i.e. X ~ Z 5V 
Now we shall prove the proposition by induction on the number h{B') of nonzero cohomolo- 

gies of the complex B' . 

The base of induction {h = 1) was proved in Further, let us complete the inclusion 

(Kerds)[— s] ^ to a distinguished triangle 

D' 

B' ■> (Ker4)[-s] . (6.2) 

Since h(D') < h(B'), we can use the induction hypothesis: D' ~ with Ai € A. 

i>s 

Applying to the triangle the functor Hom(-, (Ker ds)[— s]) , we get exact sequence 
Hom°(5*,(Ker4)[-s]) — ^ Hom°((Ker4)[-s], (Ker 4)[-s]) — > 
^ Hom 1 {A, [-i] , (Ker 4) [-s] ) . 

i>s 

It follows from the inequality i > s that q = l+ i — s^2 and we have 

Hom^(Ai[-i],(Ker4)[-s]) = Ext ^(^i, Ker 4). 



3-1 
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On the other hand, homological dimension of ^ equals 1, so Hom^(74j[— i], (Keicds)[—s]) = 



and the triangle (|6.2|) splits. This completes the proof. 



In addition, as we already marked, a sheaf on is direct sum of invertible sheaves and 
torsion sheaves with support at point. Besides, the shift of the derived category acts on the set 
of distinguished triangles. Therefore, according to Proposition 14. it is sufficient to construct 
HN-system for an invertible sheaf 0(n) and a torsion sheaf concentrated at a point x. The 
needed HN-filtrations are obtained from the exact sequences^ 



— >{n-k- l)0{k) — >{n- k)0{k + 1) — > 0(n) — ^ 0, if n > A: + 1, 

— > 0(n) — >{k-n + l)0{k) — >{k- n)0{k + 1) — ^ 0, if n < A:, 

— > d0{k) — > d0{k + 1) — ^ — > where d = deg ! 

and they have the form 

-1)0(A;)[1] 




0(n) (n- A:)0(A; + 1) if n > fc + 1, (6.3) 



(fc-n + 1)0(A;) 



0(n) {k - n)0{k + \in<k, (6.4) 

d0{k)[l] 

d0{k + l). (6.5) 



Thus, we have got the finest stability data \ {n^l^g^j (see Prop. I5.4|l . 

As we saw before, changing an order of the slopes set, one can get another t-stability. Let 
us research this possibility for the stability data ^f, {11^}^^^^ Any linear order on the set E 
must satisfy the conditions 



.^°(n^,,n^„ 

(j", ^') < ij", n ^ if + 1, i') < if + 1, i") for (f , i'), (/, f) G £. (6.7) 



£"<e' ^ Hom^O(n^,,n^„) = 0, (6.6) 



Identifying the set £ with generators of the semistable subcategories, we see that the first 
condition implies 

0{k)[{\ < 0{k)[j] and 0{k + l)[i] < 0{k + l)[j] whenever i < j. 

On the other hand, HN-system 1)6. 4() yields 0{k) < 0{k + 1)[— 1]. Therefore due to the second 
condition we have 

0{k)\i] <0{k + l)[i-l] ViGZ. 
^When X is an object of an additive category we use notation mX for the object X®*". 
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Now, using the transitivity of an order, we see that hnear orders on £, satisfying (|6.6jl and (|6.7|) . 
depend on a parameter p E N U {0, +00} = N and have the form 

&{k)[i + p] < &{k + - I] < &{k)[i + p + I] V^gZ, ifpGNU{0}, 

0{k)[{\ < 0{k + Vi, jeZ, ifp=+oo. 

Let us denote the set £ with the order corresponding to p G N by £'p. Since the existence of 
finite HN-system for each object of D^{Coh¥^) is obvious, we conclude that [£p, {Yl^}^^g^^ are 
the finest stabihty data. We call them exceptional. 



6.4. The set of all stability data for D^iCohf'^). In this subsection we prove the 
following classification result. 

Theorem 6.5. Any finest t-stability on D^{Coh¥^) is either a standard one or an exceptional 
one, thus one of the finest t-stabilities constructed in the previous sections. 

Proof. Let ($,{n^}^g$) be a t-stability on D^{Coh¥^) that incomparable with any standard 
one. We show that (<&, {n^ji^g^) is weaker then one of the exceptional stabilities. 

Recall that the standard stability data {H^j^g^vi) depends on a linear order on A4 in 
the notations of Subsection Ki.ll Suppose every A4-semistable object is <I>-semistable. Since each 
possible linear order on A4 gives one of the standard t-stabilities, we obtain that $ is weaker 
then A4. Therefore if $ is not comparable with A4, then there exists a Al-semistable object 
that is not <^-semistable. By definition semistable subcategories are closed under extension. 
Consequently, without loss of generality, we can assume such Al-semistable object is one of the 
generators of H^: 0x[i] or 0(n)[i]. 

Let X be one of the generators. Since X is not $-semistable, it has a nontrivial HN-system 
w.r.t. <I>. Consider the first distinguished triangle of the system 

y 

X " F^X. (6.8) 



We know that X<^q is ^>-semistable and 

Hom^°(FiX,X^J = 0. (6.9) 

The shift of the derived category acts on the set of all distinguished triangles and on semistable 
subcategories. Besides the condition (|6.9j) is invariant under the shift too. Thus, we can assume 
that X is either 0^ or 0(n). 

We need the following lemma. 

Lemma 6.6. Let X G D'^{Coh¥^) is Ox or 0{n), then there exists A; G Z such that the dis- 
tinguished triangle (|6.8|) . satisfying the condition (|6.9p . is isomorphic to one of^ the triangles 

Since the distinguished triangle (|6.8)) is the first triangle of HN-system, we obtain that 
xo0(A;)[O] or xo0(A:)[l] is $-semistable for some natural xq. Using Corollarv 14.51 and Definition 

"We identify each sheaf X G Co/iP^ with 0-complex X[0] G D*'(Co/iP^). 
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13.11 we conclude that the objects 0(A;)[i] are <I>-semistable for all i € Z, and the distinguished 
triangle H6.8() should have the form 

xo0ik)[j] 

X ^ yi0(fe + l)[j - 1] (6.10) 

where xq, y\ are natural numbers and j = 0, 1. 

Let us show, that yo0(^ + l)b — 1] is $-semistable as well. Suppose not, then the HN-system 
for X continues: 

2;o0(A:)[j] X^, 



X yo0(fc + - 1] F^X 

It follows from the definition of HN-system and Proposition 14.21 that 

Hom=^°(F2x,X^J = 0, (6.11) 
Hom^O(X^,,xo0(A:)[j]) = 0. (6.12) 

The condition 1)6. 11() and Lemma 16.61 allow us to conclude, that there exist an integer m and 
natural numbers xi, y2 such that 

either = a;i0(m)[j - 1], F'^X = y2&{m + - 2], if < m - 1, 

or X^, = xi0(m)[j], F'^X = y2@{m + l)[j - 1], \ik>m. 
In the first case [k < m — 1) 

Hom°(X^,,xo0(A:)[i]) =Ext^„;,pi(xi0(m),xo0(A:)) /O. 

This contradicts (|6.12|) . In the second one {k > m) 

HomO(X^,,xo0(A;)[i]) = Homco^pi (xi0(m), xo0(/c)) / 0. 

This contradicts 1)6.12(1 again. 

Thus there cannot be the continuation of the HN-system, whence yo&{k + — 1] is 
$-semistable. Hence for any j ^'L the object 0(/c + l)[j] is <&-semistable. 

In such a way, we got $-semistable objects 0(A;)[«] and 0(/c-|- l)[i] (i G Z). Considering more 
fine stability data (if necessary), we can assume that (0(A;)[i]) and (0(A; -1- l)[i]) are $-semistable 
subcategories. Let us show that each <^-semistable object belongs to one of them. 

Indeed, any object X of the derived category D^(Coh^^) could be decomposed into a direct 
sum of z-complexes (Prop. 16. where Xi is a direct sum of invertible sheaves and torsion 
sheaves concentrated each in one point. Each these direct summand of X has HN-system 
w.r.t. <^ with 0(A;)[i] and 0(/c -|- l)[i] as quotients (see (|6.3|) - (|6.4() ). Therefore, according to 
Proposition 14.31 one can construct HN-system for any object X with only objects a0(fc)[i], 
60(/c -|- l)[i] as quotients. Now, it follows from the uniqueness of the HN-system that only 
objects xo0(A;)[z] and xi0(/c-|-l)[i] are ^>-semistable. Consequently the collection of •I'-semistable 
subcategories coincides with the such collection for some exceptional t-stability. 
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The action of the shift on the $-semistable subcategories is uniquely determined. Finally, any 
admissible linear order on the collection of <I>-semistable subcategories gives us the exceptional 
t-stability. This concludes the proof of the theorem. ■ 

Corollary 6.7. Stability data on D^{Coh¥^) is weaker then either the standard or the exceptional 
t-stability. 

Proof of Lemma 16.61 We start with an observation. 

Remark 6.8. Suppose in the triangle (|6.8|) = Xi (S) X2 and / = /i © /2, where 
fi G Hom {X,Xi). If f2 = 0, then F^X = Y®X2 and Hom ^^{F^X, X^J / 0. 

Let X from triangle 1)6. 8|) be one of the objects 0x[O] or 0(n)[O]. Taking into account 
Proposition 16. ,31 and the previous remark, we can assume that 

X^o = Xo [0] ®Xi[l] with X, G Coh , 

/ = /o © /i with /o G Hom coh¥^ {X, Xq), 

fi G Ext^^^pi(X,Xi), 

fi = ^ Xi = 0. 

Then F^X is isomorphic to C[— 1], where C is the cone of the morphism /. 
Consider the extension corresponding to /i G Ext ^^^pi (X, Xi): 

— >Xi — >E ^ X — ^ 0. (6.13) 
The object Xi[l] is isomorphic to the complex 

^ E ^ X ^0, 

and the morphism fi can be represented as the morphism of the complexes 

X >■ 

idx 

E — - X ► . 

Hence the morphism / : X — > Xq[0] © Xi[l] is following: 

X " 

idx®f 

' d_iffiO ' 

► E X © Xo — - . 

The cone of this morphism is the complex 

— ^X©^^X©Xo — ^0, 
where S-i one can write as the matrix 

/ idx d-i \ 
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The cone complex is isomorphic to (Ker(5_i)[l] © (Coker (5_i)[0] in the derived category. 
Consider the commutative diagram in the abehan category CohF^. 








We obtain that Coker = Coker /o and the condition (|6.9() has the form 

Hom^o((Ker<5_i)[0] © (Coker /o)[-l], Xo[0] ©Xi[l]) = 0, 

whence 

Hom^°(^(Ker5_i)[0], Xo[0]) = 0, (6.14) 

Hom^°(^(Ker5_i)[0], Xi[l]) = 0. (6.15) 

Assume that X = 0^. and Xq ^ 0. Then Ker/o = 0, i.e. Ker5_i = X\. This contradicts 
(|6.15|) . Therefore Xq = and the triangle is obtained from the exact sequence (|6.13|) . In partic- 
ular, C\-\\=E. So, the condition (jHSj) means Hom =^0(£;, [1]) = 0, i.e. Homco/ipi(£^,-'^i) = 
and Ext ^g^pi (i?, Xi) = 0. Besides, by construction, Homco/ipi (-'^ij -E') 7^ 0. Now the proof in 
the case X = 0^ follows from the remark: 

Remark 6.9. // sheaves E and Xi on P-"^ satisfy the conditions 

Yiom coh^i{E,Xi) = 0, Ext^„^pi(S,Xi) = 0, Yiora coh^i{X^,E) / 0, 

then there exist an integer k and natural numbers e, xi such that E = e0(/c + l), Xi = xi0{k). 
Proof is left to the reader. ■ 

To continue consider X = 0{n). Suppose at first that neither Xq ^ nor Xi ^ 0. Then Xi 
has an invertible direct summand L, since in the converse case /i = 0, i.e. Xi = (see Rem. 
16.8(1 . Hence Ker(5_i has an invertible direct summand V as well. 

Assuming Ker/o = 0, we get Ker(5_i = Xi, which contradicts ()6.15|) . Therefore Ker/o 7^ 0, 
i.e. Im/o is a torsion sheaf, and Xq has a nonzero torsion T. Nevertheless the fact that the 
space Homco/ipi (-^'; 7") 7^ contradicts (|6.14() . Thus in the case X = 0(n) we have 

either Xi = or Xo = 0. 

If Xi = the triangle (|6.8|) is obtained from the exact sequence 

— > Ker /o — > 0(n) ^ Xo — > Coker /o — ^ 
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1 

Xi 



E 



d-i 



S-i 



X 



— - Ker5_i ^ X©S ^ X©Xo ^ Coker 5_i 



^ Ker/o 



X 



/o 



1 1 

Xo <- Coker /o 



and has the form 



The condition H6.9|) gives 



Xo[0] 

0(n) ^ (Ker/o)[0] © (Coker /o)[-l] . (6.16) 



Hom^O((Ker/o)[0],Xo[0]) = 0, (6.17) 
Hom^O((Coker/o)[-l],Xo[0]) = 0. (6.18) 



As above, the assumption Ker/o 7^ contradicts (|6.17|) . Therefore Ker/o = 0. Furthermore, 
the condition 1)6. 18() and Remark 16.81 imply that the triangle 1)6. 16() is isomorphic to (|6.4() for 
some integer k > n. 

Finally suppose Xq = 0. Then the triangle ()6.8() is obtained from the exact sequence 

— >Xi — >E ^ 0(n) — > 

and has the form 

y \ 

0(n) E (6.19) 

with Hom ^^{E, Xi [1]) = 0. Using E.emark l6.9l again. we get that the triangle (|6.19|) is isomorphic 
to ()6.3() for an integer k < n — 1. This completes the proof of the lemma. ■ 



6.10. Classification of t-structures on D'^(Coh¥^). In this subsection we give 
the list of all bounded t-structures on the bounded derived category of coherent sheaves on P^. 
Notice that the group Aut(-D^(Co/iP^)) of autoequivalences of the category acts on t-structures 
and we write only representatives of t-structures modulo this action. According to |4j the group 
Aut(i?*(Co/iP^)) is generated by the shift, the automorphisms group of P^ and Picard's group 
PicP^ 

As it is well-known, a t-structure (D^",/?^") is uniquely reconstructed by any its half. 
Therefore we shall indicate both parts of a t-structure only if the reconstruction is not obvious. 
The first series of t-structures is obtained from the standard t-stability (Subsection 16. If) 

(7W,{n^}^6A4). 

We start with the tautological t-structure of the derived category: 

^^" = ((Co/iPi)[j], j^0>. 

Its core^ is = CohF^. This could be shown on a picture. 

Here and further on we denote the core of a t-structure {D^°,D^'') by D°. 
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0[-l] ...C0(-1)[O]0[O]0(1)[O] ... 0.[O] ... 0(-l)[l]0[l] 

^ V ' 

Co/i pi fOl 



The next three t-structures are defined by torsion pairs. Recall the definitions and some 
results from HI ■ 

Let A be an abelian category. A pair (^1,^0) of full subcategories in A is called a torsion 
pair, if Hom (^1, ^0) = and every object A £ A fits in a unique exact sequence 

— > Ai — >A — > Ao — >0 

with Ai G Ai- A torsion pair (^1,^0) is cotilting, if any object in ^ is a quotient of an object 
in 

The torsion pair (^1,^0) defines a t-structure on D^{A) by 

PD^iAf^ = {Ae D^{Af^\ H°{A) € Ai}, 
PD^{A)^^ = {Ae D^{A)^-^\ H-\A) G Ao}. 

By definition the tilting "^A of A w.r.t. (^1, ^0) is the core of this t-structure. In the case when 
the torsion pair (^1,^0) is cotilting, the derived categories coincide: D{pA) = D{A). 
For D^{CohF^) we have the following cotilting torsion pairs and t-structures. 

Bo = (0(n), n < 0) , Bi = (0(n), n ^ 0; 0^, x G P^) , 

= (0(n)[i], n ^ 0, O 0; 0^\i], x eW\ i ^ 0; 0{n)[j], n < 0, j ^ l) , 
B° = (0(n)[O], n ^ 0; 0^[O], x G P^; 0(n)[l], n < 0> . 

... 0[-i] 0(-i)[o](i[o]0(i)[o] ... 0.[o] 0(-i)[i]ef[i] ... 

^ V ' 

Co/iPi[Ol 



Co = (0(n), n G Z) , Ci = (0,, x G P^) , 

= {0M X G P\ i ^ 0; 0{n)[j] n G Z, j ^ 1> , 
CO = (0^[O], X G P^ 0(n)[l], n G Z> . 



. . . 0(-l)[O] 0[O] 0,[O] 0(-i)[i] 0[1] . . . '. . . 0.[i] 



torsion sheaves torsion sheaves 



The last cotilting torsion pair for CohF^ depends on an arbitrary nonempty subset P C P^. 

'D{P)o = (0., X G P) , = {0y, yiP; 0(n), n G Z) , 

P(P)^o = (0,.[i], X G P, i ^ 0; X G CohF\ J ^ 1> , 

= (0,[O], X G P; 0y[ll y^P; 0(n)[l], n G Z) . 
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It is obvious that t-structures ~ modulo Aut L'^(Co/iP^) iff P' = ip{P) for some 

if G Autpi. 

The following t-structures are induced by the exceptional stability data (^£p, {n^}^^^ ^ (see 

Subsection 16. 2() . where ordering, as we already know, depends on p G N. They are sorted into 
two groups: bounded {£{p) and J^{p)) and unbounded {Q, H, and X), and defined as follows. 

£{p)^' = {0{i], i>p; 0(l)b1, J ^-2), 
£{pf = {0{pm, 0(l)[-2]), 

where p is a nonnegative integer. 



... 0b-l]'0(l)[-2]0[p]p (l)[-l] 0[p + 1] 0(1)[O] 



Hpf' = {0[i], z^p; 0(l)[j], 
Tipf = {0{pm, 0(1)[-1]), 

where p is a nonnegative integer. 

... 0b - 1] 0(i)[-2]'0b] 0(i)[-i] pb + 1] 0{i)M^ 
Hp?"" 



a^" = (0[i], i^O; 0(l)b-], jGZ), 
a>o = (0[i], i^O), 
a° = (0[O]) . 

... 0[-l]'0[O]l0[l] 0(1)[-1]0(1)[O]0(1)[1] ... 

0[i], jez 0(i)[j], iez 
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W^" = (0(l)[i], i^O), 

7^>° = (0[i], ieZ; 0(l)[j] , j^O), 

7^° = (0(1)[O]). 

... 0[-l]0[O]0[l] 0(l)[-l]'0(l)[O]b(l)[l] ... 

0[i], JGZ 0(l)[i], jGZ 



J^"=(0(l)[i], iGZ), 
2° = (0) . 

. . . 0[-l] 0[O] 0[1] 0(1)[-1] 0(1)[O] 0(1)[1] . . . 

0[i], jez 0(i)[i], jez 



Remark 6.11. It can he easily checked that the cores of the t-structures induced by the excep- 
tional stability data are following: 

• £{p)^ ^ and J^{p)^ \/p ^ 1 are equivalent to direct sum of the categories of vector 
spaces Vect © Vect; 

• equivalent to the category of the quiver -CHIi^" representations; 

• and are equivalent to Vect; and 

• is the zero category. 

Since the category Vect is splitting, in the case of t-structures induced by the exceptional stability 
data only for A = J-{^)^ the derived category D^[A) is equivalent to D^{Coh¥^) (see J^)- 

Now we recall, that a given bounded t-structure on D^{Coh¥^) induces weak stability data 
f Lemma \3.3\i . By Corollary 16.71 this t-stability is weaker either the standard one or the 
exceptional (£") one. Therefore according to Proposition 15.51 anv given bounded t-structure can 
obtained by subdividing the slope set or £" in two disjoint parts. Thereby we proved the 
following theorem. 

Theorem 6.12. The defined above t-structures A — ^{p) o-i"^ the only bounded t-structures on 
D^{CohF^) modulo the group of autoequivalences of the category. 
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7 Stability data for a curve of positive genus 



In this section we study stabihty data for the bounded derived category of coherent sheaves on a 
smooth curve Cg of a positive genus g. We denote the triangulated category D^{CohCg) by Tg. 

At first we define the set of standard stabihty structures extending the Mumford-Takemoto 
stabihty. Then we show that a t-stabihty for Tg is induced by a stabihty on the abehan category 
CohCg. In the case of ehiptic curve Ci we prove that there exists a unique type of the finest 
t-stability on Ti. Namely, the standard t-stability depending on ordering Q copies of the curve. 
Finally we list all bounded t-structures on Ti. 

It was shown in Prop osition 13 . 41 that a t-stability on a derived category of an abelian category 
A can be constructed as an extension of a stability on A. For the abelian category A we may 
define stability structure via a positive base of Kq {A) (Definition 12. . In the case A = Coh Cg 
the base (rk, deg) (rk is rank and deg is degree of a sheaf) is positive. So we have a slope ^{F) 
for every sheaf F G Coh Cg , where 



7(F) 



:^arcctg \ when rkF / 0, 



1 otherwise. 



Since arcctg x is a strictly decreasing function, this slope is equivalent to 

'^ff when TkF / 0, 



rkF 

+00 otherwise. 



Recall that in these terms a sheaf E is /2-semistable, if for any Q ^ F d E the inequality 
Jji{F) ^ /i(F) is valid. Therefore, any torsion sheaf is /2-semistable, and a torsion free sheaf on 
Cg is /i-semistable if and only if it is MT-semistable (for Mumford-Takemoto stability). 

We shall use the notation Q for the slope set Q U {+00} with the natural order. Thus we 
obtain the stability (Q, {11^}^^^) for the abelian category CohCg and, furthermore, a t-stability 
for the derived category Tg. It is clear that the constructed t-stability is not the finest. 

Let us refine Q. Note that for every rational number q = ^ with coprime (i ^ and r > (or 
d = 0, r = 1) there exists a bundle on Cg of rank r and degree d that is stable w.r.t. Mumford- 
Takemoto stability. Denote the set of all such MT-stable bundles by 9Jtg. It is well-known, that 
for F,G (z Hom (F, G) = Hom (G, F) = whenever F ^ G. If in addition we denote 

by OJloo the curve Cg parameterizing torsion sheaves 0x, we obtain the set M.g of semistable 
subcategories ^{q,F) = (F), where q € Q, and F G Tig. Choosing a linear order on each Tig 
in arbitrary way and extending lexicographically the orders to an order on Aig, we construct 
the finest stability (A^^, {n^}^g_A4g) on the abelian category CohCg (because the existence of 
Harder-Narasimhan filtration is obvious). 

Furthermore, introducing as the slope set D(A4g) = Z x Mg with its lexicographic order 
and defining as the semistable subcategories Il^j g^^) = {F[i]), where F G 9Jtq, we get the finest 
stability data on Tg (Proposition 13.41 and Proposition I5.4|l . We shall call various t-stabilities 
obtained this way the standard t-stabilities. 

Note that in the case of an elliptic curve Ci any set OJtr of MT-semistable sheaves with 

d 

coprime r and d consists of indecomposable simple bundles and is naturally isomorphic to Ci 
(^). Therefore the slope set A^i of a standard stability on CohCi is the direct product Q x Ci. 
Further, we prove the following proposition. 

Proposition 7.1. Any a t-stability on D^{CohCg) forg > is induced by a stability on CohCg. 
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Proof. Since homological dimension of Coh is 1 , the proposition is true iff any sheaf E € 
CohCg considered as a 0-complex has a HN-system (w.r.t. the t-stabihty) E {E^p^, . . . , E^p^^) 
such that E^p^ G CohCg Vi. 

Let us consider a distinguished triangle 



X 




with 

Hom^°(y,X) = 0. (7.2) 

To verify that ah quotients of HN-system for a sheaf are sheaves as weh, it is sufficient to show 
that the objects X and Y from the triangle are sheaves, whenever E is. 
Now the proposition immediately follows from the following lemma. 

Lemma 7.2. Suppose E E CohCg is included in the triangle (|7.1|) . satisfying the condition 
Then X,Y e CohCg and Ylom cohC,{Y,X) = 0. 

Proof of the lemma. Since homological dimension of Tg equals 1, taking into account Remark 
16.81 we can assume that X = Xq[0] © where Xq, Xi G CohCg, and / = /o © /i with 

/o G Horn Coh Cg {E, Xq), fi S Ext^g^^ {E,Xi). Moreover, the condition fi=0 is equivalent to 
Xi = 0. 

Consider the extension 

— >Xi — >G ^E — .0, (7.3) 

corresponding to /i, and realize the object Xi[\] as a complex G — ^ E. Then /i can be 
represented as the morphism of complexes: 

— > E 
G ^ E 

Hence the direct sum of maps /o © /-i is the morphism: 

— > E 

1 i ids® Jo 

G ^ E(BXo 
A cone C(/o © /i) becomes equal to a complex of the form 

E®G ^ E®Xo, 
where 5-i is determined by the matrix 

/ idE d^i \ 
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Now it follows from the commutative diagram 




















i 


i 


i 






- 




G ^ 


E 









i 


i 


i 


i 




- 




^ E(BG ^ 


E®Xo - 









i 


i 


I 


i 




- 


Ker/o - 


^ E ^ 


Xo - 


Coker /o - 







i 


i 


i 


i 





















that the cone C(/o © /i) is isomorphic to H ^[1] © Coker /o[0]. In this notation the condition 
H7.2p can be rewritten as 

Hom^°(i7-i[0] ©Coker /o[-l],Xo[0] ©Xi[l]) = 0. 

In particular, 

HomO(Coker/o[-l],Xo[0]) = Ext ^^^.c;^ (Coker /o,Xo) = 0, (7.4) 
HomO(F-i[0],Xi[l]) =Exti„^c,(^"',^i) = 0. (7.5) 

By definition of a cokernel we have that Homco/iCj,(^0) Coker /o) ^ unless Coker /o = 0. 
On the other hand, the canonical divisor Kg on a curve of positive genus is either zero {g = 1) 
or effective {g > 1). Therefore, KouicohCgi^o, Coker fo^Kg)) ^ also. Whence by Serre duality 
theorem we get that Ext ^^^^^^ (Coker /o, Xq) 7^ 0. This contradicts the condition 1)7. 41) . and we 
conclude that Coker /o = 0. 

We see from the commutative diagram that in the case Xi 7^ the space Hom co/^ {X\ , H^^) 
is not trivial, consequently Homco/^c"^ (Xi, ff~^(i^^g)) 7^ 0. Using Serre duality theorem again 
we obtain Ext ^^^^^^ (-fT"^, Xi) 7^ 0, which contradicts the condition 1)7. 5() . Thus X\ = and the 
triangle H7.1() reduces to 

^0 




This completes the proofs of the lemma and the proposition. ■ 

As a corollary of the proposition we get the following theorem. 

Theorem 7.3. Any stability data ($, {n,^},^g$) on the bounded derived category Ti of co- 
herent sheaves on a smooth elliptic curve Ci one can refine to one of the standard stabilities 
(D(A1i), {n^}^g£)(_yvi^)) . In particular, any finest t- stability on Ti is standard. 

Proof. Since any stability data on Ti is induced by a stability on CohCi, it is sufficient to 
show, that each indecomposable sheaf E (a generator of a standard semistable subcategory) is 
$-semistable. Suppose that it is not true. Then by Lemma 17.21 the sheaf E is included in an 
exact sequence 

— >Y — > E — > X — ^0 
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with Kom coh Cg X) = 0- It follows from Serre duality theorem that Ext ^^^^^ (X, y) = 0. 
Therefore the exact sequence splits and E = X (BY . ■ 

Finally, using various admissible decompositions of the slope set Aii, we list all bounded 
t-structures on Ti modulo the group Aut Ti . Each of them is determined by a cotilting torsion 
pair. Therefore we shall describe only the pairs. 

Let X denotes an indecomposable simple sheaf on Ci. Denote by / the union of rational 
numbers from the segment [0, 1) with {oo}. Then each q £ I and a subset P C dJtq ~ Ci of the 
moduli space of slope q MT-stable sheaves on Ci (may be empty) give the cotilting torsion pair 

(A{q,P)i, A{q,P)o^, where 

A{q, P)o = {X\ fl{X) <qov fl{X) = g and X G P) , 
A{q, P)i = {X\ j2{X) >qoT fl{X) = q and X ^ P) . 

Note that the standard t-structure is obtained when q = and P = 0. 
Thus we have the theorem. 

Theorem 7.4. Any bounded t-structure on the bounded derived category D^{CohCi) of coherent 
sheaves on a smooth elliptic curve (modulo Knt^iCohCi)) is determined by one of the cotilting 
torsion pairs {A{q,P)i, ^(g, P)o) described above. 
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